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Abstract
Let G be a discrete group with a proper length function l: In this paper, we prove that the
Schwartz space Sl2ðG; AÞ is a spectral invariant dense subalgebra of the reduced crossed
product Cnr ðG; AÞ for all commutative Cn-algebra A with a G-action if and only if G has
polynomial growth with respect to l:
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0. Introduction
Let G be a discrete group with a length function l: In [9], Jolissaint proved that
the Schwartz space Sl2ðGÞ is a spectral invariant dense subalgebra of the reduced
group Cn-algebra Cnr ðGÞ if G has polynomial growth or G is the fundamental group
of a negatively curved compact manifold. In [4], de la Harpe generalized Jolissaint’s
theorem to all hyperbolic groups. Jolissaint and de la Harpe’s result plays an
important role in the work of Connes–Moscovici on the Novikov conjecture [2] and
the work of Lafforgue on the Baum-Connes conjecture [10]. In this paper, we give a
necessary and sufﬁcient condition for the Schwartz space Sl2ðG; AÞ to be a spectral
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invariant dense subalgebra of the reduced crossed product Cnr ðG; AÞ for all
commutative Cn-algebra A with a G-action. The following is our main result:
Theorem A. Let G be a discrete group with a proper length function l: Then the
Schwartz function space Sl2ðG; AÞ is a spectral invariant dense subalgebra of the
reduced crossed product Cnr ðG; AÞ for all commutative Cn-algebra A with a G-action if
and only if G has polynomial growth with respect to l:
The paper is organized as follows. Section 1 contains some deﬁnitions and results
concerning property (MRD) for metric spaces and property (SRD) for groups. In
Section 2, we give a condition equivalent to property (MRD) for metric spaces,
that is
Theorem B. A discrete metric space X has property (MRD) if and only if X has
polynomial growth.
A direct consequence of Theorem B is that, a ﬁnitely generated group G has
property (SRD) if and only if G has polynomial growth, which indicates that not all
of word hyperbolic groups have property (SRD). For example, the free group with n
ðX2Þ generators does not have property (SRD). See Section 2 for the detail. Two
applications of Theorem B are given in Section 3. As a ﬁrst application, we show that
the function space BS2ðX Þ is a spectral invariant dense subalgebra of the uniform
Roe algebra BnðXÞ if and only if X has polynomial growth. As another application,
we obtain our main result Theorem A by identifying Cnr ðG; lNðGÞÞ with BnðG; dlÞ
and Sl2ðG; lNðGÞÞ with BS2ðG; dlÞ; where ðG; dlÞ denotes the metric space determined
by the proper length function l on G: Section 4 includes an analogue of the main
results in Section 3 which states that another function space BSoðXÞ is a spectral
invariant dense subalgebra of the uniform Roe algebra BnðXÞ if and only if the
metric space X has certain subexponential growth (property P).
1. Preliminaries
We review some basic deﬁnitions and results concerning spectral invariant
subalgebras, property (RD) for groups and property (MRD) for metric spaces.
Let A be a Banach algebra andA a subalgebra of A; and let A˜ and *A be obtained
by adjoining a unit. Recall thatA is stable under holomorphic functional calculus if
for any aA *A and any function f holomorphic in a neighborhood of the spectrum of
aAA˜ one has f ðaÞA *A: If A is a dense subalgebra of A; stable under holomorphic
functional calculus, then the inclusion of A in A induces an isomorphism from
K
*
ðAÞ onto K
*
ðAÞ (cf. [1]). This is one indication of the importance of dense
subalgebras stable under holomorphic functional calculus. A is said to be spectral
invariant in A if the invertible elements of *A are precisely those elements of *A which
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are invertible in A˜: Note that if A is a Fre´chet subalgebra of A; then A is spectral
invariant in A if and only ifA is stable under holomorphic functional calculus in A
([13]). For subalgebras considered in this paper, the term spectral invariant is
equivalent to the terminology stable under holomorphic functional calculus.
Recall that a length function l on a group G is a map l : G-Rþ satisfying:
(1) lðghÞplðgÞ þ lðhÞ; for all g; hAG;
(2) lðgÞ ¼ lðg1Þ; for every gAG;
(3) lðeÞ ¼ 0; where e denotes the identity of G:
Let G be a discrete group with a length function l; A be a Cn-algebra upon which
G acts as a group of *-automorphisms via a :G-AutðAÞ: Let Sl2ðG; AÞ be the set of
all l2-Schwartz functions from G into A with respect to the length function l in the
sense that Sl2ðG; AÞ is the set of functions j : G-A satisfying
jjjjjk ¼
X
g
ag1ðjðgÞnjðgÞÞð1þ lðgÞÞ2k



oN;
for all k ¼ 0; 1; 2;y : Then Sl2ðG; AÞ becomes a Fre´chet space with the topology
generated by the seminorms jj jjk: When A ¼ C and a ¼ id; write Sl2ðGÞ instead of
Sl2ðG; AÞ:
Deﬁnition 1.1 (Jolissaint [9]). A group G has property (RD) (rapid decay) if there
exists a length function l on G such that Sl2ðGÞ is contained in Cnr ðGÞ:
The class of groups with property (RD) includes hyperbolic groups and groups
with polynomial growth, and is closed under some operations such as subgroups,
over-groups of ﬁnite index and free product [9]. The following result [8, Theorem A],
due to Connes, is an important motivation for the study of property (RD) for
groups: If a group G has property (RD), and l is a length function on G such that
Sl2ðGÞ is contained in Cnr ðGÞ; then Sl2ðGÞ is stable under holomorphic functional
calculus in Cnr ðGÞ:
To state the deﬁnitions of property (SRD) for groups and property (MRD) for
metric spaces, we need to review some notation concerning uniform Roe algebras
which arose from index theory (see [11,12]).
Let ðX ; dÞ be a metric space, and l2ðX Þ be the natural l2-space of X : Given a
function k : X  X-C: We call k ﬁnitely propagated if there is a constant ck40 such
that, kðx; yÞ ¼ 0 whenever dðx; yÞ4ck: We say that k is bounded if it deﬁnes a
bounded operator on l2ðX Þ by convolution. That is, k : l2ðX Þ-l2ðX Þ deﬁned by
k*xðxÞ ¼
X
yAX
kðx; yÞxðyÞ
is a bounded operator.
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Deﬁnition 1.2. Let ðX ; dÞ be a metric space. The precompleted uniform Roe algebra
of X is deﬁned to be
BðX Þ ¼ fk : X  X-C j k is bounded and finitely propagatedg:
We denote by BnðXÞ the norm closure of BðXÞ in l2ðXÞ; and call BnðX Þ the uniform
Roe algebra of X :
Let BS2ðXÞ be the Fre´chet space of functions k on X  X satisfying
sup
y
X
x
jkðx; yÞj2ð1þ dðx; yÞÞ2soN
for all sX0; where the seminorms are deﬁned by
jjkjjs ¼ sup
y
X
x
jkðx; yÞj2ð1þ dðx; yÞÞ2s
 !1
2
; s ¼ 0; 1; 2;y :
Deﬁnition 1.3. A discrete metric space ðX ; dÞ is said to have property (MRD) (metric
rapid decay), if BS2ðXÞ is contained in BnðXÞ:
In [6], the authors have deﬁned rapid decay for mm-spaces. In order to avoid
confusing rapid decay for metric spaces with rapid decay (abbr. RD) and strong
rapid decay (abbr. SRD) for groups, here, we use the terminology metric rapid decay
(abbr. MRD) instead of the terminology of [6].
Let G be a discrete group with a length function l: Without loss of generality, we
always assume that lðgÞ ¼ 0 if and only if g ¼ e: Set dlðg; hÞ ¼ lðgh1Þ; then ðG; dlÞ is
a metric space. It is well known that a ﬁnitely generated group G can be regarded as a
word metric space ðG; dLÞ associated to a word length function L on G; and
BnðG; dLÞ is just the reduced crossed product Cnr ðG; lNðGÞÞ; where G acts on lNðGÞ
by left translation.
Deﬁnition 1.4 (Ji and Schweitzer [6]). A discrete group G has property (SRD)
(strong rapid decay) if there exists a length function l on G such that BS2ðG; dlÞ is
contained in BnðG; dlÞ:
Remark 1.5. A group G has property (SRD) implies that G has property (RD),
which follows from the observation that Cnr ðGÞ can be identiﬁed with the G-invariant
subalgebra of BnðG; dlÞ while Sl2ðGÞ can be identiﬁed with the G-invariant subalgebra
of BS2ðG; dlÞ; where G acts on BðG; dlÞ diagonally. But the converse is not true. For
example, the free group with n ðX2Þ generators has property (RD) [9], but it does
not have property (SRD). More generally, in Section 2, we will show that a ﬁnitely
generated group G has property (SRD) if and only if G has polynomial growth.
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Remark 1.6. If G is a ﬁnitely generated group, then there is a word length
function L associated to any ﬁnitely generated set. It is easy to see that any length
function l is dominated by the word length function L in the sense that there exist
a40 and bX0 such that lðgÞpaLðgÞ þ b for all gAG; which implies that BS2ðG; dLÞ
is contained in BS2ðG; dlÞ while BnðG; dlÞ is contained in BnðG; dLÞ: Therefore, G has
property (SRD) if and only if ðG; dLÞ has property (MRD) for any word length
function L:
The notation of property (MRD) for metric spaces and property (SRD) for groups
turn out to be useful because of the following two results.
Theorem [J-S] (Ji, Schweitzer [6]). If G has property (SRD), then there is a length
function l on G such that Sl2ðG; AÞ is a spectral invariant dense subalgebra of the
crossed product Cnr ðG; AÞ for all commutative Cn-algebra A with a G-action.
Theorem [J-Y] (Ji and Yu [7]). Suppose that ðX ; dÞ has property (MRD), then
BS2ðXÞ is a spectral invariant dense subalgebra (under convolution) of the uniform Roe
algebra BnðX Þ:
Theorem [J-Y] is an unpublished result of Ji and Yu. For convenience to readers,
we give the sketch of its proof.
Proof. Let x0AX be a ﬁxed point. Deﬁne an unbounded (in general) linear operator
Dx0 on l2ðXÞ by
ðDx0xÞðyÞ ¼ dðy; x0ÞxðyÞ; yAX ;
where the domain of Dx0 is dom Dx0 ¼ fxAl2ðX Þ j Dx0xAl2ðX Þg: Then Dx0 is self-
adjoint. Let dx0 :Bðl2ðXÞÞ-Bðl2ðXÞÞ be the unbounded derivation deﬁned by
dx0A ¼ i½Dx0 ; A: Set
domðdnÞ ¼ jABnðXÞ j sup
x0
jjðdx0ÞnðjÞjjoN
 
:
Denote
BSðXÞ ¼
\N
n¼0
domðdnÞ:
Let
jjjjjn ¼ sup
x0
jjðdx0ÞnðjÞjj;
for n ¼ 0; 1;y: Then BSðX Þ is a Fre´chet algebra and the spectral invariance of
BSðXÞ in BnðXÞ can be established by the same proof of Theorem 1.2 in [5]. Thus,
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the proof of the theorem will be completed by the claim that BS2ðXÞ ¼ BSðXÞ: In
fact, this claim is standard once we notice the following formula:
ðdx0ÞðjÞðxÞðxÞ ¼ in
X
yAX
jðx; yÞxðyÞðdðx; x0Þ  dðy; x0ÞÞn: &
Deﬁnition 1.7. Let ðX ; dÞ be a discrete metric space, and xBðx; rÞ denote the number
of elements contained in the ball Bðx; rÞ:
1. The space ðX ; dÞ is said to have polynomial growth if there exist C40 and n40
such that xBðx; rÞpCð1þ rÞn for every r40 and xAX :
2. The space ðX ; dÞ is called subexponential growth if
lim
r-þN
lnðsupxAX xBðx; rÞÞ
r
¼ 0:
Deﬁnition 1.8. (1) A locally compact group G is said to have polynomial
growth if, for every compact neighborhood C of e; there exists a real
polynomial p such that lðCnÞppðnÞ for all nX1; where l is the left Haar measure
on G:
(2) Let G be a discrete group with a length function l: We say G has polynomial
growth with respect to l if the metric space ðG; dlÞ has polynomial growth.
Remark 1.9. It is easy to see that G has polynomial growth with respect to any
length function l on G implies that G has polynomial growth. In the case of G is
ﬁnitely generated, G has polynomial growth if and only if G has polynomial growth
with respect to some length function if and only if G has polynomial growth with
respect to a word length function.
Example 1.10. If ðX ; dÞ has polynomial growth, then it has property (MRD) [7]. In
particular, all ﬁnitely generated groups with polynomial growth have property
(SRD).
2. Property (MRD) for metric spaces
In this section we ﬁrst give a condition equivalent to property (MRD) for metric
spaces which will be used to prove our main theorem in Section 3.
Theorem 2.1. Let ðX ; dÞ be a discrete metric space. Then the following properties are
equivalent:
(a) ðX ; dÞ has property (MRD).
(b) ðX ; dÞ has polynomial growth.
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(c) There exist m40 and C40 such that sup
x
P
y ð1þ dðx; yÞÞmpC:
(d) There exist C40 and s40 such that jjfjjpCjjfjjs for all fABS2ðXÞ:
Proof. ðaÞ ) ðdÞ: We only need to show that the inclusion l : BS2ðX Þ+BnðXÞ is
closed. Then the desired inequality follows from the closed graph theorem.
Take ffngCBS2ðXÞ such that
fn-f in BS2ðXÞ
and
fn-c in B
nðX Þ:
For any xAl2ðX Þ; one has
X
x
X
y
ðfn  cÞðx; yÞxðyÞ


2
0
@
1
A
1=2
¼ jjðfn  cÞxjj2:
Especially take x ¼ dy; one gets
X
x
jðfn  cÞðx; yÞj2
 !1=2
pjjfn  cjj; 8yAX :
Thus,
jjfn  cjj0pjjfn  cjj-0:
On the other hand, jjfn  fjj0-0 since fn-f in BS2ðXÞ: So f ¼ c:
ðdÞ ) ðbÞ: Otherwise, by Deﬁnition 1.7, for every natural number n and every
constant C; there exist xnAX and rn40 such that
xBðxn; rnÞ4C2ð1þ rnÞ4n:
Let
fnðx; yÞ ¼
1 if x; yABðxn; rnÞ;
0 otherwise;
(
for every n: We have the following estimation:
jjfnjjn ¼ sup
y
X
x
jfnðx; yÞj2ð1þ dðx; yÞÞ2n
 !1=2
¼ sup
yABðxn;rnÞ
X
xABðxn;rnÞ
jfnðx; yÞj2ð1þ dðx; yÞÞ2n
0
@
1
A
1=2
p ðxBðxn; rnÞÞ1=2ð1þ 2rnÞn
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and
jjfnxjj ¼
X
x
X
y
fnðx; yÞxðyÞ


2
0
@
1
A
1=2
¼
X
xABðxn;rnÞ
X
yABðxn;rnÞ
xðyÞ


2
0
B@
1
CA
1=2
¼ xBðxn; rnÞ;
where x ¼ wBðxn;rnÞ=xBðxn; rnÞ1=2: So
jjfnjjX xBðxn; rnÞ
4Cð1þ rnÞ2nxBðxn; rnÞ
1
2
XCð1þ 2rnÞnxBðxn; rnÞ
1
2XCjjfnjjn:
This is a contradiction.
ðbÞ ) ðcÞ: Assume that xBðx; rÞpCð1þ rÞn for every r40 and xAX : Take a
positive integer m such that m  n42: Then there exists a constant C00 such that, for
every xAX ; the following holds:X
y
ð1þ dðx; yÞÞm ¼
XN
k¼0
X
y:kpdðx;yÞokþ1
ð1þ dðx; yÞÞm
p
XN
k¼0
X
y:kpdðx;yÞokþ1
ð1þ kÞm
p
XN
k¼0
ð1þ kÞmxBðx; k þ 1Þ
pC
XN
k¼0
ð1þ kÞmð1þ ðk þ 1ÞÞn
pC0
XN
k¼0
ð1þ kÞmþn
pC00:
ðcÞ ) ðbÞ: We have
xBðx; rÞp
X
yABðx;rÞ
ð1þ dðx; yÞÞpð1þ dðx; yÞÞp
p sup
yABðx;rÞ
ð1þ dðx; yÞÞp
X
yAX
ð1þ dðx; yÞÞp
pCð1þ rÞp;
which means the space X has polynomial growth.
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ðbÞ ) ðaÞ: First, we show that there exist a C40 and a s40 such that
jjfjjpCjjfjjs
for any fABS2ðXÞ: In fact, for sXm=2; we have
jjfnxjj2 ¼
X
x
X
y
fðy; xÞxðyÞ


2
p
X
x
X
y
jfðy; xÞjð1þ dðx; yÞÞsð1þ dðx; yÞÞsjxðyÞj
 !2
p
X
x
X
y
jfðy; xÞj2ð1þ dðx; yÞÞ2s
X
y
ð1þ dðx; yÞÞ2sjxðyÞj2
p sup
x
X
y
jfðy; xÞj2ð1þ dðx; yÞÞ2s
X
x
X
y
ð1þ dðx; yÞÞ2sjxðyÞj2
p jjfjj2s jjxjj2 sup
y
X
x
ð1þ dðx; yÞÞ2s
pC0jjfjj2s jjxjj2:
Thus jjfjj ¼ jjfnjjpCjjfjjs:
Now we show that BS2ðXÞCBnðXÞ: For every fABS2ðXÞ and n40; set
fnðx; yÞ ¼
fðx; yÞ if dðx; yÞpn;
0 otherwise:
(
It is sufﬁcient to check that fn converges to f in the topology of BS2ðX Þ: This
follows from the following estimation:
jjf fnjj2s ¼ sup
y
X
x
jðf fnÞðx; yÞj2ð1þ dðx; yÞÞ2s
¼ sup
y
X
x:dðx;yÞ4n
jfðx; yÞj2ð1þ dðx; yÞÞ2s
p sup
y
XN
k¼nþ1
X
x:kpdðx;yÞokþ1
jfðx; yÞj2ð1þ dðx; yÞÞ2sþ2ð1þ dðx; yÞÞ2
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p jjfjj2sþ1 sup
y
XN
k¼nþ1
X
x:kpdðx;yÞokþ1
ð1þ dðx; yÞÞ2
p jjfjj2sþ1
XN
k¼nþ1
ð1þ kÞ2
o e;
for the series
PN
k¼0 ð1þ kÞ2 converges. &
Remark 2.2. The classes of groups with polynomial growth and of word
hyperbolic groups are among the most interesting examples of groups with
property (RD). In [6], the authors (among other things) announce a result according
to which word hyperbolic groups and groups of polynomial growth also have
property (SRD). Here, we should mention that this result has a ﬂaw since not
all of word hyperbolic groups have property (SRD). For example, the free group
with two generators is hyperbolic, but it does not have property (SRD) (in the
conversion with Yu, we knew that this example was given by Lafforgue). More
generally, by Theorem 2.1, Deﬁnition 1.4 and Remark 1.9, we get the following
corollaries immediately.
Corollary 2.3. Let G be a discrete group. Then G has property (SRD) if and only if G
has polynomial growth with respect to some length function l:
Corollary 2.4. Let G be a finitely generated group. Then G has property (SRD) if and
only if G has polynomial growth.
Corollary 2.5. The free group with n ðX2Þ generators does not have property (SRD).
Recall that a discrete metric space X is said to have bounded geometry if 8r40;
(NðrÞ40 such that the number of elements in Bðx; rÞ is at most NðrÞ for all xAX ;
where Bðx; rÞ ¼ fyAX : dðy; xÞprg: Every ﬁnitely generated group, as a metric space
with a word length metric, has bounded geometry. Two metric spaces ðX ; dÞ and
ðY ; d 0Þ are said to be quasi-isometric if there are a map f : X-Y and constants
c; l40 such that
1
c
dðx1; x2Þ  lpd 0ðf ðx1Þ; f ðx2ÞÞpcdðx1; x2Þ þ l
and d 0ðy; f ðXÞÞpl; for all x1; x2AX and yAY (see [3]). It is easy to see that for
discrete metric spaces with bounded geometry, polynomial growth is invariant under
quasi-isometry. Therefore, property (MRD) is invariant under quasi-isometry. This
makes property (MRD) can be formulated for general metric spaces with bounded
geometry.
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Remark 2.6. We can generalize Theorem 2.1 by replacing the polynomial weight
function in the deﬁnition of BS2ðXÞ with any weight function Z from ½0;NÞ into
½1;NÞ which satisﬁes
(1) Z is non-decreasing, and Zð0Þ ¼ 1;
(2) Zðn þ mÞpZðnÞZðmÞ; where n; m are non-negative integers,
(3)
PN
n¼0 ZðnÞpoN for some positive integer p:
We say such Z is a rapidly decaying weight function. Some examples of Z are given
by
ZðrÞ ¼ ð1þ rÞn; ZðrÞ ¼ earða40Þ
and
ZðrÞ ¼ earbða40; 0obo1Þ;
which are all rapidly decaying weight functions.
Now we associate to any rapidly decaying weight function Z a Fre´chet space
BSZðXÞ ¼ ff : X  X-C j sup
y
X
x
jfðx; yÞj2Zðdðx; yÞÞ2soN; 8 sX0g;
where the seminorms are deﬁned by
jjfjjs ¼ sup
y
X
x
jfðx; yÞj2Zðdðx; yÞÞ2s
 !1
2
; s ¼ 0; 1; 2;y :
When ZðrÞ ¼ ð1þ rÞn for some natural number n; it is easy to see that
BSZðXÞ ¼ BS2ðXÞ: Repeating the proof of Theorem 2.1 except for making
a slight change in the weight function, one has a generalized form of
Theorem 2.1.
Theorem 2.10. Let ðX ; dÞ be a discrete metric space. Then the following are equivalent:
(a) ðX ; dÞ is Z-rapidly decaying, i.e. BSZðXÞCBnðXÞ:
(b) ðX ; dÞ has Z-growth which means there exist C40 and l40 such that
xBðx; rÞpCZðrÞl for every r40 and xAX :
(c) There exist m40 and C40 such that supx
P
y ðZðdðx; yÞÞÞmpC:
(d) There exist C40 and s40 such that jjfjjpCjjfjjs for all fABSZðXÞ:
By the above theorem, we get a condition for BSZðX Þ to be an algebra, and give a
direct proof.
Theorem 2.7. Let ðX ; dÞ be a discrete metric space.
(1) If ðX ; dÞ satisfies one of properties as Theorem 2:10; then BSZðX Þ is a m-convex
Fre´chet dense subalgebra of the uniform Roe algebra BnðXÞ:
(2) The Fre´chet space BSZðX Þ is nuclear if and only if ðX ; dÞ is compact.
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Proof. (1) The inclusion BðX ÞCBSZðXÞ is obvious. By 3.1.5 in [15], we only need to
show that there exist a constant C40 and a p40 such that one has for every sX0
and f;cABSZðXÞ
jjf*cjjspCjjfjjsjjcjjsþp:
Since, by Theorem 2.10, the series supx
P
z Zðdðx; zÞÞp converges when p is large
enough, we have
sup
y
X
x
jf*cðx; yÞj2Zðdðx; yÞÞ2s
¼ sup
y
X
x
X
z
fðx; zÞcðz; yÞ


2
Zðdðx; yÞÞ2s
pC0 sup
y
X
x
X
z
jfðx; zÞjZðdðx; zÞÞsZðdðz; yÞÞpjcðz; yÞjZðdðz; yÞÞsþp
 !2
pC0 sup
y
X
x
X
z
jfðx; zÞj2Zðdðx; zÞÞ2sZðdðz; yÞÞ2p
 

X
z
jcðz; yÞj2Zðdðz; yÞÞ2ðsþpÞ
!
pC0jjcjj2sþp sup
y
X
x
X
z
jfðx; zÞj2Zðdðx; zÞÞ2sZðdðz; yÞÞp
pC0jjcjj2sþp sup
y
X
z
Zðdðz; yÞÞp
X
x
jfðx; zÞj2Zðdðx; zÞÞ2s
pC00jjfjj2s jjcjj2sþp:
Thus the desired inequality follows from the above estimation.
(2) If X is compact, then BSZðX Þ is a matrix algebra for X is discrete, of course, it
is nuclear. Now, assume that X is not compact, we will show that BSZðXÞ is not
nuclear. It sufﬁces to show that there exists a bounded subset E of BSZðX Þ which is
not precompact by Proposition 50.2 in [16]. We deﬁne a subset E consisting of the
following elements fz:
fzðx; yÞ ¼
1 if x ¼ y ¼ z;
0 otherwise;
(
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for every zAX : One straightforwardly check that
jjfzjjs ¼ 2 and jjfz  fwjjs ¼ 2 when zaw;
for all sX0: It follows that E deﬁned as above is bounded, but not precompact. &
3. Spectral invariant subalgebras
Applying Theorem 2.1, we ﬁrst give a necessary and sufﬁcient condition for
BS2ðXÞ to be a spectral invariant dense subalgebra of BnðXÞ:
Theorem 3.1. Let X be a discrete metric space. Then the function space BS2ðX Þ is a
spectral invariant dense subalgebra of the uniform Roe algebra BnðXÞ if and only if X
has polynomial growth.
Proof. By Theorem 2.1, the necessity is obvious. The sufﬁciency is Theorem
[J-Y]. &
To complete the proof of our main theorem, we need the following two lemmas.
Lemma 3.2. Let G be a discrete group with a proper length function l: Then the
uniform Roe algebra BnðG; dlÞ is *-isomorphic to the crossed product Cnr ðG; lNðGÞÞ;
where G acts on lNðGÞ by left translation.
Proof. Let p be the faithful representation of lNðGÞ on l2ðGÞ such that
ðpðf ÞðxÞÞðgÞ ¼ f ðgÞxðgÞ; l be the left regular representation of G: Then
ðp; l; l2ðGÞÞ is a covariant representation of the dynamical system ðlNðGÞ; GÞ; where
G acts on lNðGÞ by left translation. Denote by KðG; lNðGÞÞ the set of all functions
from G into lNðGÞ with compact supports. It is well known that Cnr ðG; lNðGÞÞ is
isomorphic to the closure of ðp lÞðKðG; lNðGÞÞÞ in l2ðGÞ: Thus, to prove
Cnr ðG; lNðGÞÞDBnðG; dlÞ; we only need to show that there exists an isometric *-
isomorphism between their dense subalgebras KðG; lNðGÞÞ and BðG; dlÞ: In fact, for
every jAKðG; lNðGÞÞ; set
kjðg; hÞ ¼ jðgh1ÞðgÞ
which deﬁnes a map from KðG; lNðGÞÞ into BðG; dlÞ since j has compact support.
On the converse, for any kABðG; dlÞ; put
jkðgÞðhÞ ¼ kðh; g1hÞ:
Then jkAKðG; lNðGÞÞ since the length function l is proper. One can easily check
that j-kj is an isometric *-isomorphism between KðG; lNðGÞÞ and BðG; dlÞ: &
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Lemma 3.3. Let G be a discrete group with a proper length function l: Then
Sl2ðG; lNðGÞÞ is isomorphic to BS2ðG; dlÞ as topological spaces.
Proof. It is enough to show that the map j-kj deﬁned as Lemma 3.1 is a
topological isomorphism from Sl2ðG; lNðGÞÞ onto BS2ðG; dlÞ: This follows from the
formula:
jjjjjn ¼
X
g
ag1ðjðgÞnjðgÞÞð1þ lðgÞÞ2n




¼ sup
h
X
g
ag1ðjðgÞnjðgÞÞðhÞð1þ lðgÞÞ2n


¼ sup
h
X
g
ðjðgÞnjðgÞÞðghÞð1þ lðgÞÞ2n


¼ sup
h
X
g
jjðgÞðghÞj2ð1þ lðgÞÞ2n
¼ sup
h
X
g
jjðgh1ÞðgÞj2ð1þ lðgh1ÞÞ2n
¼ sup
h
X
g
jkjðg; hÞj2ð1þ dlðg; hÞÞ2n
¼ jjkjjj2n: &
By Corollary 2.3, Theorem 3.1, Lemmas 3.2, 3.3 and Theorem [J-S], we have the
following result which contains our main theorem.
Theorem 3.4. Let G be a discrete group. Then the following properties are equivalent:
(a) G has property (SRD).
(b) G has polynomial growth with respect to some proper length function l:
(c) Sl2ðG; AÞ is a spectral invariant dense subalgebra of Cnr ðG; AÞ for all commutative
Cn-algebra A with a G-action, and some proper length function l on G:
(d) Sl2ðG; lNðGÞÞ is a spectral invariant dense subalgebra of Cnr ðG; lNðGÞÞ for some
proper length function l on G:
(e) Sl2ðG; lNðGÞÞ is contained in Cnr ðG; lNðGÞÞ for some proper length function l
on G:
We end this section with an example which illustrates that BSZðXÞ is not always
spectral invariant in the uniform Roe algebra BnðXÞ for general Z-rapidly decaying
X. Chen, S. Wei / Journal of Functional Analysis 197 (2003) 228–246 241
metric space X ; even though BSZðXÞ is a dense subalgebra of BnðX Þ in this case.
For example, take ZðrÞ ¼ er and X ¼ Z; where Z is an integer group. Denote BSZðXÞ
by BSeðXÞ: Then BSeðZÞ is not spectral invariant in BnðZÞ by the following
Proposition 3.5.
Proposition 3.5. The Fre´chet subalgebra BSeðZÞ of BnðZÞ is not spectral invariant in
BnðZÞ:
Proof. We ﬁrst consider the Fre´chet space
SeðZÞ ¼ f : Z-C
X
n
jfðnÞ


2
e2jnjsoN; 8sX0
8<
:
9=
;;
where the seminorms are deﬁned by
jjfjjs ¼
X
n
jfðnÞj2e2jnjs
 !1=2
;
for any fASeðZÞ and s ¼ 0; 1; 2;y : Then SeðZÞ is a m-convex dense subalgebra of
the reduced group Cn-algebra Cnr ðZÞ by a similar proof of Theorem 2.7. But SeðZÞ is
not spectral invariant in Cnr ðZÞ: In fact, deﬁne
rðfÞ ¼
X
n
enfðnÞ
for any fASeðZÞ; then r is a multiplicative linear map on the com-
mutative subalgebra SeðZÞ under the convolution. Hence r gives an irreducible
representation of SeðZÞ; but which cannot be extended to an irreducible
*-representation of C
n
r ðZÞ since any irreducible *-representation of Cnr ðZÞ is given
by a character on Z: Therefore SeðZÞ is not spectral invariant in Cnr ðZÞ by Corollary
1.5 in [13].
Now, we show that BSeðZÞ is not spectral invariant in BnðZÞ:
There is a natural Z-action on the uniform Roe algebra BnðZÞ given by the
diagonal action
blðkÞðn; mÞ ¼ kðn þ l; m þ lÞ:
Let BðZÞb be the Z-invariant part of BðZÞ: An element kABðZÞb satisﬁes kðn þ
l; m þ lÞ ¼ kðn; mÞ for all lAZ: This, in particular, implies that kðn  m; 0Þ ¼ kðn; mÞ:
We set k˜ðnÞ ¼ kðn; 0Þ for any kABðZÞb; and set kfðn; mÞ ¼ fðn  mÞ for any
fAKðZÞ; the set of functions on Z with compact support. Then the correspondences
k-k˜ and f-kf give a *-isomorphism between C
n-algebras BðZÞb and Cnr ðZÞ (see
Proposition 3.4 in [6]). We claim that the above correspondences also give an
isomorphism between SeðZÞ and BSeðZÞb which is the Z-invariant part of BSeðZÞ: In
X. Chen, S. Wei / Journal of Functional Analysis 197 (2003) 228–246242
fact, we have
sup
m
X
n
jkfðn; mÞj2e2sjnmj
¼ sup
m
X
n
jfðn  mÞj2e2sjnmj
¼
X
l
jfðlÞj2e2sjlj
for any fASeðZÞ; andX
n
jk˜j2e2sjnj ¼
X
n
jkðn; 0Þj2e2sjnjpjjkjj2s
for any kABSeðZÞ: Thus the claim follows. Furthermore, it is easy to check that
SeðZÞ ¼ BSeðZÞ-Cnr ðZÞ: Then Theorem 3.2 in [14] and Proposition 3.2 together
imply that BSeðZÞ is not spectral invariant in BnðZÞ: &
4. Another spectral invariant subalgebra BSxðX Þ of BnðXÞ
In this section, we focus on a class of subexponential growth spaces satisfying the
following condition:
Property P. For any a40 and 0obo1 there exists Ca;b such that
xBðx; rÞpCa;b expðarbÞ;
for all xAX and r40:
Let BSoðXÞ be the space consisting of functions k on X  X such that there exist
a40 and 0obo1; depending on k; which satisﬁes
jjkjja;b ¼ sup
x
X
y
jkðx; yÞj2 expð2adðx; yÞbÞ
 !1=2
þ sup
y
X
x
jkðx; yÞj2 expð2adðx; yÞbÞ
 !1=2
oN:
Then BSoðX Þ is contained in the uniform Roe algebra BnðX Þ and is spectral
invariant if X is a subexponential growth space satisfying property P [17]. In the
following, we show that its converse is also true.
Theorem 4.1. Let ðX ; dÞ be a discrete metric space. Then ðX ; dÞ has property P if and
only if BSoðX Þ is contained in the uniform Roe algebra BnðX Þ:
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Proof. We only need to show the ‘‘if’’ part. Let
BSa;bðXÞ ¼ k : X  X-Cj sup
x
X
y
jkðx; yÞj2 expð2adðx; yÞbÞ
(
þ sup
y
X
x
jkðx; yÞj2 expð2adðx; yÞboN
)
;
for any a40 and 0obo1: Thus BSa;bðXÞ is a Banach space with the norm jj jja;b;
where jj jja;b is deﬁned by
jjkjja;b ¼ sup
x
X
y
jkðx; yÞj2 expð2adðx; yÞbÞ
 !1=2
þ sup
y
X
x
jkðx; yÞj2 expð2adðx; yÞbÞ
 !1=2
:
It is obvious that BSa;bðX ÞCBnðX Þ since BSoðXÞCBnðXÞ by assumption. We claim
that there exists a constant Ca;b40 such that the following inequality
jjkjjpCa;bjjkjja;b
holds for all kABSa;bðX Þ: In fact, it is enough to show that the inclusion l from
BSa;bðX Þ into BnðXÞ is closed by the closed graph theorem. Let ffngCBSa;bðX Þ such
that fn converges to zero in BSa;bðXÞ; and converges to f in BnðXÞ: Note that
BSa;bðX Þ is continuously embedded in BS2ðXÞ: It follows that fn converges to zero
in BS2ðXÞ: Hence, similar to the proof of ðaÞ ) ðdÞ in Theorem 2.1, we have f ¼ 0:
Now, we assume that X is not of property P. Then, there exist a40 and b40 such
that for any constant Ca;b; there exist xc and nc satisfying
xBðxc; ncÞ44C2a;b expð2anbc Þ:
Let
fcðx; yÞ ¼
1 if x; yABðxc; ncÞ;
0 otherwise:
(
Then, similar to the proof of ðdÞ ) ðbÞ in Theorem 2.1, one has
jjfcjj ¼ xBðxc; ncÞ:
Take b0ob and a0oa=2b0 ; then we have the following estimation:
jjfcjja0;b0p2ðxBðxc; ncÞÞ
1=2 expða0ð2ncÞb0Þ
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and
jjfcjj ¼ xBðxc; ncÞ
4 2xBðxs; nsÞ
1
2Ca;b expðanbc Þ
XCa;bjjfcjja0;b0 expða0ð2ncÞ
b0Þ expðanbc Þ
¼Ca;bjjfcjja0;b0 expða0ð2ncÞ
b0 þ anbc Þ
4Ca;bjjfcjja0;b0 :
This contradicts to the fact that jjkjjpCa0;b0 jjkjja0;b0 holds for some constant Ca0;b0
and any kABSa0;b0ðX Þ: &
Theorem 4.1 and the proof of Theorem 4.4 in [17] together imply the following
result:
Corollary 4.2. Let X be a discrete metric space. Then the function space BSoðX Þ is a
spectral invariant dense subalgebra of the uniform Roe algebra if and only if X has
property P.
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